This paper contains (1) an example of a separable linear topological space with a closed nonseparable linear subspace, and (2) a proof of the fact that every metrizable subspace of a separable linear topological space is separable.
It is well known that every subspace of a separable metric space is separable, and it is also well known that there are separable topological spaces with nonseparable subspaces. In view of this, it seems natural to ask if every (closed) linear subspace of a separable linear topological space is separable. The purpose of this short note is to consider this question, and specifically (1) to give an example of a separable linear topological space with a closed nonseparable linear subspace, and (2) to show that any metrizable linear subspace of a separable linear topological space is separable.
It is not difficult to give an example of a separable linear topological space X with a (dense) nonseparable subspace Y. In fact, the product of continuum many lines with the usual product topology can be taken for X when Y is the subspace consisting of all functions which vanish on all but finitely many points of the indexing set. The problem of finding a separable space with a closed nonseparable subspace seems to be more difficult.
Example. Let X be the conjugate space of /°° where /°° is the space of all bounded sequences (x") with ||(x:n)||=sup|x:n|, and let X have its weak-star topology. H. P. Rosenthal has shown [1, Proposition 3.4] that X contains an isomorphic copy F of a nonseparable Hubert space H. Since Y is reflexive, F is a weak-star closed subspace of X by Proposition 1.2 of [1] . Since Y is weak-star closed, Y is isometrically isomorphic to (/"/y1)*. The reflexivity of Y and the standard duality arguments imply that the restriction of the weak-star topology to y is the same as the weak topology of Y. Since Y is not separable, Y is not weakly separable. Theref ore, Y is not weak-star separable because the restriction of the weak-star t opology to Y is the same as the weak topology of Y.
We conclude by giving a condition which is sufficient to insure that a subspace of a separable linear topological space is separable.
Theorem. Let E be a separable linear topological space and F a semimetrizable linear subspace of E. Then F is separable.
Proof.
Since F is semimetrizable there is a countable collection of neighborhoods {Mk} of 0 in £ such that {MkC\F} is a local base for the topology of F. Choose a countable collection {Nk} of balanced neighborhoods of 0 in £ inductively as follows. Choose A^ such that N1<^M1.
Having chosen Nn, choose Nn+1 such that Nn+1+Nn+1<=Nn and Nn+1<=
Mn+-i-By a well-known theorem of Kakutani, the collection {Nk} is the local base for a linear semimetric topology t for E. Clearly t restricted to F is the original topology of F. Since E is separable and t is weaker than the original topology, E is separable with r. This, of course, implies that the subspace F is separable.
